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Simulation of Models Involving Mixed Selfing 
and Random Mating 

II. Effects of Selection and Linkage in Finite Populations* 

S. K. JAIN 

Depar tment  of Agronomy, Universi ty of California, Davis 

Summary. The joint effects of linkage, inbreeding, and drift due to finite population size were investigated in 
terms of population changes under selection involving gene interaction. Six-locus models with the same amount of 
recombination between adjacent pairs of loci, mixed selfing and random mating, and selection of basically three 
forms (heterotic, optimizing and mixed optimum-heterotic) were used for Monte Carlo simulation. The results were 
primarily described in terms of certain measures of gene dispersion, genetic variability, gametic unbalance (linkage 
disequilibrium) and the approach to stable gene frequency equilibria. Under both cumulative and diminutive heterosis 
models, a steady state with polymorphJsms could be attained with random gene dispersion being small and different 
replicate populations evolved high degrees of gametic unbalance in the direction of excess of either coupling or repul- 
sion phase linkages depending on the random drift in gene frequencies. Under optimum models, on the other hand, 
all populations approached steady decay toward fixation at all loci although gene dispersion was governed by rather 
complex interactions between the parameters of selfing, linkage and selection intensity. Gene dispersion was not 
necessarily proportionately greater with the higher levels of inbreeding. An excess of repulsion linkages with mean 
population fitness approaching unity was noted in all runs with the optimum, models, more so with tight linkage 
and heavy inbreeding. Any asymmetry in tile sense of selection favoring one or the other allele tends to reinforce 
gene fixation particularly under inbreeding. 1-Ieterozygote advantage, on the other hand, seemed to play a relatively 
greater role under inbreeding in terms of retaining heterozygosity. Mixed optimum-heterotic models provide a favor- 
able compromise between these conflicting attributes of multilocus systems in terms of the maintenance of poly- 
morphisms and the maximization of fitness in relation to certain optimal linked gene complexes. In general, for 
moderate to large population size these results are, as expected, in line with those reported previously for two-locus 
deterministic models. 

A major  development in population genetic theory 
during the past  decade has resulted from the analyses 
of complex polymorphisms involving selection and 
linkage in multilocus models. The work of KI~IURA 
(i956), LEWONTIN and KojI~A (t960) and of BODMER 
and PARSONS (1962) on the two-locus, deterministic 
models for a random mating population clearly 
provided the framework in which the role of linkage 
and epistasis could be understood both in terms of 
the maintenance of complex polymorphisms and the 
evolution of linked gene systems. This was further 
extended for various selective processes by  NEI (1964), 
KISCURA (t965), FELSE~STEIN (t965), and others. Re- 
cently, BOPPER and FELSENSTEIN (1967) investigated 
a general model for determining analytically the 
conditions for stable equilibria with or without per- 
manent  linkage disequilibrium. A significant con- 
cluding s ta tement  was that  "plausible situations do 
exist for which linkage can profoundly affect the 
selection and ult imate equilibrium of new genetic 
combinations".  WI~IGHT (t952, t965) has put  forth 

�9 a different viewpoint in which the role of linkage in 
gene systems with none or little overdominance is 
to make the saddles (unstable equilibria) on the 
adaptive topography shallower such tha t  under 
conditions of changing environment and therefore, 
shifting positions of selective peaks, local populations 
can move to such peaks (stable equilibria) across 
the saddles. In  any event, linkage and epistasis can 
significantly influence the rates and trajectories of 
gene frequency changes so tha t  at least in relation to 
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A. S. FRASER for many helpful suggestions. 

the short- term evolutionary changes these factors 
are likely to be important .  

Several papers have appeared more recently on the 
rates of advance under selection in multilocus systems 
in which random drift due to finite population size 
and linkage together govern the rates of fixation, 
limits of response and the maintenance of genetic 
variabil i ty in a rather  complex manner (GILL, 1965; 
LATTER, t966; YOUNG 1966). FRASSR, MILLER and 
BURNELL (1965) discussed briefly the evolution of 
polygenic balance in finite populations under opti- 
mizing selection and showed tha t  population size 
and rate of recombination interact to yield optimal 
conditions for evolving the repulsion linkages charac- 
teristic of the so-called relational balance. Epistasis 
can promote or retard random gene dispersion depend- 
ing on the model: in general, under a symmetrical  
opt imum model where marginal combinations of 
gene frequencies represent unstable equilibria, it 
reinforces drift but  vice versa holds for a symmetrical  
heterotic model (cf. BODMER and FELSENSTEIN, t967). 

Inbreeding occurs, in many  plant  species tha t  
practice mixed selfing and random mating. The 
essential properties of a single locus heterotic model 
for this system were first described by  HAYMAN 
(1953) who showed tha t  given sufficient overdomi- 
nance, stable equilibria can be maintained by  selec- 
tion balanced against homozygosis due to inbreeding. 
JA~s and ALLARD (1965, t966) investigated the role 
of linkage and epistasis under mixed mat ing b y  com- 
puter  simulation of two-locus deterministic models. 
In general, inbreeding seems to accentuate epistatic 
effects so that  relatively a wider range of conditions 
allow the maintenance of permanent  linkage dis- 
equilibrium (gametic unbalance). The purpose of 
this paper  is to report on the joint effects of finite 
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population size and partial selfing on certain proper- 
ties of the multilocus systems (gene dispersion, 
heterozygosis, gametic unbalance). Specifically, re- 
sults from simulation of intermediate optimum, 
heterotic and mixed optimum-heterotic models are 
described here in order to compare with our earlier 
findings from the two-locus deterministic runs. 

Models  and Procedures 

(i) The program. -- The computer program 
(GS-D1), written in Fortran IV by Dr. D. G. BURNELL 
(see FRASER, et aI., 1965; FRASER and BURNELL 
1968), allows Monte Carlo simulation of a six-locus, 
diallelic genetic system under zygotic selection in 
a diploid population of specified size using basically 
the same procedures as described by  GILL and 
CLEMIvIER (1966) and BELLMANN and AHRENS (t966). 
Random mating is simulated by  sampling of parents 
of each sex with replacement, gametes are produced 
in the binary notation using a random walk along 
the genotype and the selective values (wi) of various 
genotypes are defined by  some function of a pheno- 
typic score, the number of heterozygous loci, or 
some combination of these parameters as well as 
random environmental components. Epistasis can 
be introduced in the selection models by an appro- 
priate choice of these functions. A mixed selling 
and random mating system is obtained by  combining 
the random mating and selfing (both gametes pro- 
duced from the same parent) components. In this 
study, six-locus models were used with the same 
recombination value (c) between all pairs of adjacent 
loci and completely additive primary scale with 
metric vatue of phenotypes (x) ranging from 0 to 12 
(at each locus genotypes t i ,  t0 and 00 have 2, I and 0 
score respectively). Optimizing selection is defined 
in terms of a score (z) taken as negatively correlated 
with the deviations of metric values (x) from an 
intermediate optimum value (r (e.g. in quadratic 
deviation model, z = t -- (x -- @2/9~). Under heterotic 
models, the relative fitness (w~) is defined as a function 
of the number of heterozygous loci (y), irrespective 
of the phenotypic score ; the combinations of optimum 
and heterotic models are then obviously given b y  
some function of both y and z scales. For each 
model, a subprogram is written for defining the 

selective values. Individual offsprings are generated 
and selected one by one in order to maintain popu- 
lation size constant in each generation. 

(it) Selection models. -- Two types of heterotic mo- 
dels involving epistasis were defined as follows : cumu- 
lative heterosis (model I) with w~ = y (y + 1)/2 a, and 
diminutive type (model 2) with w i = y  a - - y  ( y + l ) a  b, 
where a and b are constants chosen to scale all w~ 
values between 0 and t (cf. JAIN and ALLARD, 1966). 
Directional selection for, say, allele 1 is superimposed 
on them simply by  taking w~ as some function of 
both x and y (model 3)- Three well-known forms of 
optimum model were used: linear deviation from 
optimum ~ (model 4), quadratic deviation from 
(model 5) and double truncation (model 6) against 
the extremes along the primary metric scale (x~, x~. 
being truncation points) (cf. LEWONTI~, t964b;  
LEWO•TIN and HULL, 1967). Models 5b, 5c and 6b 
are defined using asymmetrical optimum (9 = 8). 
Table t gives w~ values for some models to illustrate 
their numerical relationships in terms of selection 
intensity and asymmetry. Mixed optimmn-heterotic 
models (Ta, b, c) are given by the functions (a) 
w i = f ( y + z ) ,  (b) w i = f ( 2 y + z ) ,  and (c) w i =  
= f ( y z ) m ,  which involve increasingly stronger 
heterozygote advantage in this order. 

(iii) Input  specifications. -- Besides the mode of 
selection, computer runs were specified by  combi- 
nations of several input values of these parameters:  
proportion of selfing (s), recombination value (c), 
population size (N) ,  initial genotypic frequencies, 
number of generations (n) and number of replicate 
runs for any given set of ,parameters. In all cases, 
initial composition of population was given by  Hardy- 
Weinberg proportions with allelic frequency q = .5 
at each of the six 1oct, the run length was I00 gene- 
rations and the number of replications were 5 to 20 
depending on the population size (5 for N = t000, 
t 0 f o r N =  100 and 20 for N = 20). 

(iv) Some output  parameters. -- The results 
were studied in terms of the output  from both indi- 
vidual replicate run and various averages over the 
replicates. Given initially qo = .5, an index of gene 
dispersion (di) is defined by the mean absolute 
deviations in gene frequencies (qi), i.e., [q~-  qo[, 

Table 1. Fitness values under some examples 
(a) Heterotic Models 

Number of heterozygous loci 

of selection models 

(Y) 

Model O 1 2 3 4 5 6 

(1) Cumula t ive  0 .048 , t43 .286 .476 .714 . f .0  
(2) D iminu t ive  0 .213 ,407 .584 .74t .880 1.0 

(b) Optimizing Selection ModeIs 
Metric value (x) 

Model 0 I 2 3 4 5 6 7 8 9 t0 tt I2 

(6) Double truncation 0 0 0 0 0 1.0 1.0 1.0 0 0 
(5 a) Quadratic deviation 

(~ = 6.0) o .3o6 .556 .75o .889 .972 1.0 .972 .889 .750 
(5 b) Quadratic deviation 

(~ = 8.0) 0 .234 .438 .6O9 .75O .859 .938 .984 1.0 .984 
(5c) Optimum-directional 0 .207 .395 .562 .707 .827 .919 .978 t.0 .974 

o o o 

.556 .306 o 

.938 .859 .750 
.884 .688 0 
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at any given time t, since under symmetrical  opti- 
mum and heterotic models, E(Aq)  = O; alternatively, 
the proportion of loci fixed for allele 0 or 1 (1) can 
be used (di and l are highly correlated). The variance 
of changes in gene frequencies, a ~  is often used in 
studying the stochastic processes and can be used 
here as based on a given time interval or at the 
steady state. The amount  of genetic variabil i ty 
at the segregating loci is conveniently measured by  
the level of heterozygosity (H) averaged over loci 
and replicates, or even bet ter  by  WRIGHT'S fixation 

index (F = 1  2q ( H  q)-). To adjust par t ly  for 

the bias due to gene dispersion we may  use F = 
H 

1 -- 2 (q + di) (p - di) " Phenotypic variabil i ty on the 

metric scale is output  in terms of a . .  To evaluate 
the amount  of coupling versus repulsion linkage un- 
balance in the gametic arrays, LEWONTIN (t964a) 
and FRASER (1967) used the matr ix  of D~j values 
where for the pair of i th and jth loci, D = gn g00 --  gl0 g01, 
adjusted by  dividing with the product of appropriate 
gene frequencies. The usefulness of D~j matr ix  has 
been discussed in some detail by  FRASER (t967). 
Further,  FRASER, et al. (t965) introduced a measure 
of gametic unbalance in terms of the repulsion index 
(r i) which is based on the number of alternations in 
the alletic type (0 or t) along a chromosome (0 in 
case of gamete 000000, 0.2 in case of gametes 100000 
or 011111, etc. and max imum value of t in case of 
gametes 101010 or 010101). Thus, D~i-matrix and r i 
together provide satisfactory measures of the gametic 
array unbalance. D ~ 0 and r i  ~ 0.5 represent 
excess of coupling phase and D<( 0, r i ~0 .5  indicate 
an excess of repulsion phase linkages. Also, note 
that  dispersion index (di) increasing at a s teady rate 
indicates s teady decay toward fixation of all loci 
(e.g. opt imum models) and in contrast  a more or less 
unchanging d i signifies s teady state (or stability) 
as met  with under models of heterotic selection. In 
most cases the results will be given for the 100  th gene- 
ration and averages over reps and loci for a set of 
input values. 

Results  

R a n d o m  drif t  w i th  none or weak  selection. - -  
Under increasing levels of inbreeding, the effective 

population size becomes smaller in proportion to the 
inbreeding coefficient (/) such tha t  the rate of loss 

of heterozygosity, 2 = I --  I + f  (MORAN, t962). 
4 N  

Likewise, the variance of Aq,  r becomes greater 

in linear relationship with f (a~q = ~ (t + f ) ) .  ALLARD 
/ 

and HANSCHE (t964) studied random fixation at 
a single locus under mixed mating and drift due to 
finite size. To evaluate further the effect of linkage, 
runs were made with a six-locus model for s = 0, .5, 
�9 75, .90, and for c = 0.00t, .0t, . t0 and .50, under (i) 
no selection, (if) weak heterozygote advantage 
(%1 = Woo = .9, %0 = 1), and (iii) directional selec- 
tion (%1 = t, W j o -  .95, Woo = .9) at each locus. 
Table 2 gives the values of di and (rdq for some cases. 

T a b l e  2. Gene dispersion after loo generations due to ran- 
dom drift (Case of no selection and c = .5o; symbols as 

explained in the text) 

N = 2 0  N =  100 

s Obse rved  E x p e c t e d  di di Observed  E x p e c t e d  
dAq ddq ~Aq dAq 

0 .474 .0762 .0790 . t 85  .0319 .0352 
.50 .493  .0880 .0913 .286 .0363  .0408 
�9 90 .496 .o960 .1061 .336 .0428 .0476 

s , the value o f f  Expected a~e is based on f - -  2 - s 

at equilibrium. Gene frequency distribution is 
plotted against t ime in Fig. t a - - c  for the case N = 20 
and c = .5 and for three levels of selfing (s = 0, .5, .9). 
As expected, fixation proceeds more rapidly with 
inbreeding so that  the state of steady decay (U-shaped 
distribution) is at tained approximately in 2 N i l  + f 
generations (where f is expected to be 0, -333 and 
.818 respectively for s = 0, .5, .9). The proportion 
of loci fixed (l) is given in Fig. 2 a - - c  fdr s = 0, .5, .9 
and c = .01 and .50. The effect of linkage clearly 
depends on both the level of selling or the form of 
selection and may  change from an initially higher rate 
of dispersion to a lower value near the steady decay 
state (mean equilibrium fixation rate). Similarly, 
with N = 100, inbreeding and linkage seemed to have 
opposite effects in terms of the rate of fixation whereas 
in the case of N = t000, the drift effects are too small 
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Fig. l .  H i s t o g r a m s  
showing  t he  f r equency  
d i s t r ibu t ion  of alleIic 
f r equency  (q) for no 

selection, N = 20, 
c = .50, and  (a) s = 0, 
(b) s = .S, (c) s = .9, 

in t h e  genera t ions  
given b y  n u m e r a l s  
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Table 3. Cumulative heteros~s: Values of parameters after 1oo generations (See text for explanation of symbols) 

S C 

.5O 

.90 

.001 

.01 

.10 

.50 

.001 

.01 

.10 

.50 

.00I 

.0t 

.10 

.50 

N ~  2 0  

1 di aAr H F r i W a~ 

.067 .060 .076 .441 .105 .418 .415 .439 

.016 .066 .078 .458 .069 .482 .403 .420 
o .082 .078 .483 .008 .496 .3t3 .224 
o .092 .077 . 464  .038 .496 .286 .193 

.0t6 .066 .077 .484 .015 .478 .474 .485 

.o16 .058 .077 .492 .002 .416 .452 .444 

.0t6 .095 .078 .367 .239 .5t8 .222 .205 
0 .106 .081 .368 .229 .500 .212 .192 

. t t7  .086 .o72 .402 .172 .650 .360 .397 

.o67 .o78 .075 .469 .O38 .574 .423 .417 

.1t7 .162 .079 .274 .389 .500 .t49 .166 

.1oo .153 .088 .227 .498 .5o4 .t03 .117 

N ~ t00 

di H F r i W r 

.024 .509 - . 0 2 0  .282 .503 .494 

.020 .518 - . 0 3 8  .522 .474 .452 

.029 .498 .001 .540 . 3 2 1  .2t2 
�9 o37 .502 - . 0 1 0  .502 .325 .213 
.022 .488 .022 .402 .483 .495 
.020 .487 .024 .328 .455 .458 
.037 .402 .t92 .528 .253 .223 
.044 .388 .218 .504 .226 .196 
.022 .506 --.014 .522 .503 .496 
.025 .486 .026 .484 . 4 6 1  .47t 
.038 .3t8 .360 .486 .192 .214 
.047 .257 .482 .508 .125 .141 

(LEwoNTIN and  HULL used N = t000 to approxi-  
ma te  the determinis t ic  case). In  case of models with 
more in tense  selection to be described below, the 
effect of l inkage in reducing gene dispersion is qui te  
marked  (see also GILL and  CI.E~aMER) whereas 
par t ia l  selling did no t  cons is tent ly  result  in a pro- 
por t iona te ly  higher rate of dispersion. 

Heterotic models. --  For  cumula t ive  heterosis 
(model 1), the popula t ion  parameters  based on the 
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Fig. 2. Proportion of loci fixed (for allele 1 or 0) plotted against 
generation (n) for N = 20 and (a) no selection; (b) hetero- 
zygote advantage, (c) directional selection. Numerals along 
the curves represent (I) s = O, c =.01,  (2) s = 0, c =.50,  
(3) s = .5, c = . 0 t ,  (4) s = .5, c = .50, (5) s = .9, c = .01, 

and (6) s -~ .9, c = .50 

replicate averages are given in Table  3. S teady state  
as judged b y  the values of dispersion index (di), 
f ixat ion index (F), r / ,  %,  etc. was a t t a ined  in alI 
cases b y  the 100 th generat ion.  As expected from the 
s t rong heterozygote advantage  involved in this model,  
there is l i t t le gene dispersion for N = 100 and  in 
case of N = 20, the values of aaq were near ly  same 
for various s and  c sets. The main  points  to note  are:  
(t) the level of heterozygosi ty  is qui te  high even 
for s = .9 and  is increasingly higher with t ighter  
linkages, so t ha t  there seems to be effectively a greater  
depar ture  from the expected F unde r  high selling 
t han  under  r andom mat ing .  In  terms of the popula-  
t ion s t ruc ture  and  var ia t ion  pa t t e r n  under  mixed 
ma t ing  system, this might  pe r ta in  s ignif icant ly  to 
the case of p r e domi na n t l y  selling popula t ions  with 
heterozygote advantage ,  as evidenced by  the experi- 
men ta l  work on various species (for review see 
ALLARD, JAIN and  WORKMAN, 1968). Fur ther ,  note  
tha t  the values of F are on ly  s l ight ly higher for N - 20 
t h a n  in the case of N = 1 0 0 .  (2) The values of r i 
averaged over replicates indicate  only a small  a m o u n t  
of gametic  unbalance .  However,  the results from 
ind iv idua l  replicates, as i l lus t ra ted  by  examples in 
Table  4, show tha t  different reps can evolve toward 
extreme repulsion or coupling phase disequi l ibr ium. 

Table 4. Model 1 (cumulative heterosis): Examples of 
extreme replicate differences 

(N  = 20) 

s c Rep. Gametes Frequency di r i  

0 .001 t 001t10 .5106 ,011 .400 
110001 .4894 

2 101010 .5000 .0O4 .995 
010101 .4762 

3 100000 .5164 .107 .197 
011111 .4672 

.5o .001 t 010100 .4872 .oo6 .795 
101011 .5000 

2 101000 ,4911 .091 .804 
010101 5089 

3 o000o0 .5814 .081 0 
11111t ,4186 

.9O .0Ol 1 100010 .5686 .069 .600 
011101 .4314 

2 O00fO0 .5345 .114 .495 
011011 .4569 

3 010101 .5000 .085 .898 
101011 .49t9 
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Fig. 3. Allelic frequency (q) at each of the six loci plotted 
against generation (n) for diminutive heterosis model, N = 20, 
s = .9 and c = .50. Note a steady increase in gene dispersion 
toward fixation at all loci in a typical steady decay situation 

under large random drift effects 
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The va r i ance  of r i among reps is g rea te r  wi th  
t igh te r  l inkages.  This  follows from the  f indings  of 
LEWONTIN (1964a) and  JAIN and  ALLAI~D (1966) 
t h a t  under  he te ro t ic ,  s y m m e t r i c a l  models  there  exis t  
con juga te  equ i l ib r ia  and  di f ferent  in i t i a l  f r equency  
sets would  lead  to  t hem excep t  in the  case of m e t a -  
s tab le  equ i l ib r ium (qi = .5). Thus,  wi th  f ini te  popu-  
la t ion  size, d i f ferent  rep l ica tes  m a y  dr i f t  in to  the  
a l t e rna t ive  t r a jec to r i es  l ead ing  to the  equ i l ib r ia  

wi th  an excess of coupl ing or  repuls ion l inkages.  
In  s t u d y i n g  the  s tochas t ic  equ iva len ts  of de ter -  
min i s t i c  models ,  in general ,  va r i a t i on  among rep l ica te  
runs  migh t  be  of far  more  in te res t  t h a n  the  mean  
over  reps  alone.  

U n d e r  mode l  2 (d iminu t ive  heterosis) ,  he t e rozygo te  
a d v a n t a g e  becomes smal ler  wi th  each a dd i t i ona l  
locus being he te rozygous  in an ind iv idua l  geno type  
and  therefore  in con t r a s t  to  prev ious  model ,  gene 
dispers ion and  homozygos is  are  expec ted  to be h igher  
t han  in the  case of cumula t i ve  he te ro t ic  model .  
Tab le  5 summar izes  the  popu la t i on  p a r a m e t e r s  for 
mode l  2. The  va lues  of r i are close to .5 b u t  again  
the  be tween- rep l i ca te  va r i a t i on  is qui te  large and  
r i  can v a r y  wi th in  a wide range  be tween  .t to  .9 in 
the  t00  t~ genera t ion .  W i t h  N = 20, and  s as high 
as .9, s t e a d y  s t a t e  was not  a t t a i n e d  under  th is  mode l  
(Fig. 3). Note  t h a t  under  b o t h  models  t and  2, the  

mean  popu l a t i on  f i tness W is lower wi th  decreas ing c, 
or g rea te r  a moun t s  of selfing, and  a s imi lar  p a t t e r n  
is no t ed  for the  va r i a t i on  in fi tness (aN). 

Model 3 i l lus t ra tes  the  resul ts  of he te ro t i c  mode l  
involv ing  d i rec t iona l  se lect ion (Table 6) in which  
case excep t  for ve ry  t igh t  l inkage  and  N = 20, or in 
case of loose or no l inkage  for N = 100, mos t  loci 
a r e  f ixed  for the  favored  allele (~ --> 1) wi th  di --> 0.5; 
p a r t i c u l a r l y  u n d e r  inbreeding ,  a n y  a s y m m e t r y  due 
to d i rec t iona l  select ion m a r k e d l y  changes the  s tab le  
equ i l ib r ium s i tua t ions  of he t e ro t i c  selection.  No te  
t h a t  unde r  r a n d o m  mat ing ,  l inkage  can  p l a y  an 
i m p o r t a n t  role in t e rms  of bo th  the  condi t ions  for 
a t t a i n ing  s t e a d y  s t a t e  wi th  po lymorph i sms ,  or as 
a fac tor  de lay ing  the  process of even tua l  f ixa t ion  
a t  al l  loci. 

Table 5. Model 2 (diminutive heterosis): Values of parameters in 1ooth generation (See text for explanation of symbols) 

S g 

N =  20 

I di H F r i W a~v 

N =  t00 

di H F r i 

.5O 

.9O 

.001 0 

.0t 0 

.10 .033 

.50 .050 

.001 .100 

.Ol .050 

.1o .o67 

.5o .o67 

.OOl .1oo 

.ol .170 

.1o .380 

.50 .290 

.126 .465 .007 .454 .503 .388 

.104 .465 .028 .562 .524 .320 
�9 137 .446 .036 .498 .519 .244 
.t32 .447 .039 .484 .542 .209 
.t38 .404 .125 .514 .412 .398 
.t28 .380 .187 .514 .427 .350 
.t55 .335 .259 .484 .374 .230 
.t71 .317 .282 .5t6 .372 .233 
.081 .444 .O88 .528 .414 .469 
.t34 .381 .t79 .430 .416 .387 
.268 .18t .492 .468 .t96 .171 
.270 .t52 .571 .434 .200 .169 

.052 .494 .00t .438 
�9 057 .494 -- .00t  .506 
.047 .500 --.009 .482 
.064 .487 .010 .49O 
.062 .430 .127 .328 
.062 .392 .204 .480 
�9 045 .379 .236 .504 
.070 .361 .264 .498 
.029 .483 .031 .482 
.052 .400 .19t .454 
.058 .248 .497 .498 
.084 .213 .562 .494 

.5O 

.90 

Table 6. Model 3 (heterotic-direetional) : Values of: ~arameters in 2ooth generation 

N = 20 N = 100 

.00t 

.01 

.t0 

.00t 

.01 

.t0 

.00t 

.01 

.10 

di H r i 

.636 .t73 .427 .368 

.643* .193 .375 .426 
�9 879* .390 .t5o .298 
.66t .261 .235 .412 
�9 745* .305 .t75 .365 
�9 978* .494 .OO3 .O33 
.745 .355 .t24 .336 
.820* .414 .056 .223 
�9 983* .50o 0 .o4o 

di H r i 

�9 585 .1t t  .501 .480 
.616 .118 .472 .426 
.655 .456 .446 .448 
.704 .2 t l  .306 .3o6 
�9 775 .275 .267 .168 
�9 985* .479 .027 .039 
.646 .180 .300 .400 
.941" .441 .049 .033 

1.o0'  .500 o o 

* p and di increasing steadily. Other eases show steady state. 
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Intermediate  @ t i m u m  models. - -  The  th ree  sym-  
me t r i ca l  models  (4a, 5a,  6a) used  here  represen t  
an increas ing  order  of select ion i n t e n s i t y  aga ins t  
the  ex t r eme  pheno types .  U n d e r  double  t r u n c a t i o n  
model ,  for ins tance,  all  i nd iv idua l s  wi th  me t r i c  va lue  
ou ts ide  the  l imi ts  x~,x= (say, x 1 =  5 and  x 2 =  7) 
are  cul led whereas  models  4 and  5 (l inear and  qua-  
d ra t i c  dev ia t ion  funct ions)  al low wi th  cer ta in  p rob -  
ab i l i t y  the  r ep roduc t ion  b y  ind iv idua l s  wi th  the  
p h e n o t y p i c  va lues  in the  wide range  of I to  t l  (cf. 
Tab le  1). Since models  41  and  51 gave  q u a l i t a t i v e l y  
s imi la r  resul ts  differ ing on ly  in the  re la t ive  m a g n i t u d e  
of quan t i t i e s  di, H,  r i, etc. ,  on ly  the  resul ts  of m o d e l  
5 a (so-called WRIO~tT'S o p t i m u m  model)  are sum-  
mar i zed  in Tab le  7. Three  t ime  in te rva l s  (generat ions  
20, 60 and  t00) are g iven  to i l lus t ra te  b r ie f ly  the  
r a t e  of change  t o w a r d  f ixa t ion  a t  all  loci (di = .5). 

I n  al l  cases the  va lue  of di s t ead i ly  increases  to i ts  
m a x i m u m  va lue  of .5 wi th  H = 0, and  r i va lues  
are  g rea te r  t h a n  .5 due to an  excess of repuls ion  
l inkages.  The  effect of l inkage  for s = 0 case is to 
lower the  r a t e  of gene d ispers ion  whereas  unde r  
inbreed ing  (par t icu la r ly ,  no te  for s = .9), c = .00t 
and  .5 gave  lower va lues  of di t h a n  c = .0t or . t0.  
This  t r e n d  could  of course v a r y  wi th  the  i n t e n s i t y  
of select ion and  specific va lues  of N,  etc.  F o r  in- 
s tance,  models  41  and  5 a differ  in the  effect of s such 

t h a t  for s = 0, di and  r i are  h igher  unde r  mode l  5 a, 
b u t  lower  for s = .9 t han  mode l  41. No te  t h a t  the  
va r i a t i on  in r i among  rep l ica tes  was s igni f icant  and  

r e l a t i v e l y  la rger  unde r  inbreeding ,  which  m i g h t  in 
p a r t  account  for t he  absence  of any  cons is ten t  
r e l a t ion  be tween  s or c and  f i. 

The  va lues  of D~j were used to  c ompu te  the  mean  
va lues  of D~k), where  k = t ,  2, 3, 4, 5 is the  un i t  of 
d i s tance  be tween  loci i, j ;  D'k=l is based  on the  m e a n  
of D 2, . . D;o;  D '  �9 , k=2 is based  on the  mean  of 
D[3, D~,, etc. ,  and  so on. DI~ ) ind ica te  t he  di f ferent  
a m o u n t s  of g a m e t i c  unba l ance  as r e l a t ed  to  the  
r e l a t ive  pos i t ion  of (i,j)tJ~ pa i r  of loci in a l inkage  
block.  Note  f rom Table  7 t h a t  D~2/ t ends  to be 
inc reas ing ly  la rger  wi th  h igher  s which  under  looser  
l inkages  is assoc ia ted  wi th  a change  t o w a r d  pos i t ive  
values  of D~t). The  c o m p l e x i t y  of D~i values  are given 
for some cases in Tab le  8 to i l lus t ra te  th is  point .  
F u r t h e r  no te  t h a t  under  these  c i rcumstances ,  te r -  
mina l  pa i r  of loci d id  no t  seem to have  cons i s ten t ly  
a la rger  gamet ic  unba lance  t han  the  in t e r s t i t i a l  loci 
(viz. D ~  vs. D~) .  The  va lues  of D '  p l o t t e d  aga ins t  
t ime  in Figs.  4 and  5 show changes over  100 gene-  
r a t ion  period.  These  d i f ferent  charac te r i s t i cs  of D' 
values  for var ious  k, as po in t ed  out  b y  FRASER (t967), 
deserve  a de ta i l ed  s t u d y  of these  in te r re la t ionsh ips  
in order  to  measure  ef fec t ive ly  the  role of op t imiz ing  
select ion in evolv ing  polygenic  ba l anced  complexes .  

The  resul ts  for mode l  6 a  (double t runca t ion ,  
xl = 5, x~ = 7) are summa r i z e d  in Tab le  9 for 
N = 100 and  f000. There  is a r a p i d  increase  in the  
f requency  of gametes  (f(31) in the  p o t e n c y  class wi th  
3 (t) and  3 (0) alleles (the add i t i ve  score of a gamete  

Table 7. Model 5a (WRIGHT'S Optimum Model): 
Values of parameters in n th (= 20, 60, 100) generation ( N  = loo, 9 = 6) 

S 

.5o 

.90 

.5o 

.9o 

20 
60 

t o o  

20 
6o 

too 
2o 
60 

1oo 

20 
6O 

1oo 
20 
60 

loo 
20 
6o 

loo 

c = ,001 

d i  H r i D[1) J)[2) 

e = .01 

di H r i D ~I ) D[2 ) 

.t72 .412 .566 -.116 -.000 

.255 .327 .5t0 -.214 -.009 

.334 .2t6 .507 -.252 - A l l  

.142 .289 .584 - . t33 -.267 
-3O3 .191 .508 .031 -.443 
.29t .t73 .532 -.047 -.401 
.158 .087 ,673 -.289 .052 
.28O .043 .692 -.427 .t90 
.326 .030 .721 -.539 .484 

c ~ . IO 

.156 .440 .658 -.050 -.030 

.248 .343 .650 -.167 -.003 
�9 340 .208 .686 -.108 -.040 
.t66 .263 .602 -.156 - .1 t8  
.295 .t84 .543 -.203 - . t03 
.422 .072 .546 -A35 - .2t7 
.217 .084 .572 -.190 -.244 
.362 .033 .600 .121 - . 3 t t  
.454 .008 .578 .104 -.387 

.148 .435 .652 -.054 -.059 

.248 .321 .710 -.303 -.094 
�9 269 .313 .734 -.353 -.058 
�9 155 .275 .532 -.208 -.027 
.207 .238 .564 -.344 .042 
�9 327 .167 .568 - .4t8 .068 
.164 .097 .676 -.132 -.266 
1244 .052 .668 -.377 - . t40 
.417 .03t .670 -.247 -.318 

c =  .50 

.135 .447 .580 -,045 -.064 
�9 259 :338 .582 -.025 - . t47 
.361 .206 .610 .o68 - . t36 
.168 .278 .558 -.042 -.122 
.280 .t96 .5t8 -.076 -.182 
.392 .090 .522 -.022 - .3 t0  
.163 .072 .636 - . t99 -.122 
.296 .044 .602 .245 -.274 
�9 350 .o34 .598 .297 -.250 

Table 8. Values of D~i in loo~h generation for model 5 a, 9 = 6, N = 1oo (means over reps) 

k = l  k = 3  k = 4  

S, C 

O, .001 
O, .0t 
0, .50 

.90, .00t 
�9 90, .01 
�9 90, .50 

k = 2  

t,2 2,3 3,4 4,5 5,6 [t,3 2,4 3,5 4,6 

-.350 -.302 -.635 -.549 .574 
-.354 -.303 -.230 -.371 -.506 

�9 497 -.356 - . t60 .057 .302 

-.353 -.854 -.477 -.527 -.686 
-.t91 .095 .498 -.667 -.968 

.322 .622 -.t81 -.149 .869 

-.339 -.592 .222 .266 
�9 205 -.069 -.144 .240 

-.338 - . t94 .t72 -.184 

�9 504 .12I .4t0 .90t 
-.960 -.632 -.347 .667 
-.006 -.025 -.659 -.309 

1,4 2,5 3,6 

- . 5 6 t  .121 .087 
- . 2 5 4  - .235 --.166 

.226 - . 2 9 8  .248 

-I .00 - .611 - .90t 
- .650 .123 -.464 
- .443 -1.00 -.552 

t,5 2,6 

.2t8 

.127 
-.374 

.258 

.463 
-.444 

-.172 
.152 

-.419 

.449 
-.933 
-.982 

k = 5  

1,6 

-.376 
-.416 
-.888 

-.901 
.366 

-.288 
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Fig. 4. Values of various D)i  under mo- 
del 5a for the case of N ~ 100, s = 0 and 
c = .001. Note t ha t  /)[  ~ and D'I, 6 are 

fairly dose and tha t  s~me oI the D's 
changed sign 

1.0 

0.8 

0.6 

,4,6 
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/ 
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I 
I 

I l 

/ .,,., 1,3 
~ . f  s 
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O(ii)  " [ N N ~  i I /  I [ l 

1,2 

,0 . . . .  , : ~  
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Gen6ration 

Fig. 5. Values of various D~i under  model 5a 
for the  case of N = 100, s = .9 and c = .001. 
Note a stronger gametic unbalance than  
in the  case of s = 0 and tha t  D~) are all 

positive, whereas D~I ) are negative 

is defined as potency by  FRASEX, 1967) which indi- 
cates the strong effectiveness of this model of opti- 
mizing selection in changing the frequency distri- 
bution of potency classes toward an extreme kurtosis. 
In fact, a major  par t  of these changes occurred during 
the first 20 or 30 generations. As J i3 / -+ t ,  and 
di -+.5, W becomes very close to uni ty and in most 
cases all loci are fixed rapidly in a symmetric  fashion 
for alleles t and 0 (Fig. 6). For random mating case, 
LEWONTIN (1964b) described similar results for 
a five-locus model in which by  virtue of symmetrical  
pressures for fixation one locus is temporari ly stalled 
near q = .5. However, it is significant to note that  

linkage very markedly influ- 
enced the rate of gene disper- 
sion (di), more so in the case 
of large population size (N = 
1000) and heavy inbreeding 
s = .90. This apparent ly re- 
suits from the fact tha t  in 
these cases the value of f(3/ 
rises rapidly accompanied by  
a high rate of homozygosis so 
that  drift becomes ineffective 
in giving gene dispersion due 
to sampling errors. Thus, 
these parameters  are intrica- 
tely balanced in terms of the 
relative rates of change in 
quantities di, H, r i, etc., and 
clearly gene dispersion need 
not always be proportionately 
greater under increasingly 
higher selling. Further,  it is 
interesting to note tha t  par- 
allel sets of results obtained 
with the truncation limits, 
xl = 3, x2 ~ 9 (i.e., less intense 
selection) and N ~ t000 
showed tha t  while di tends 
to be smaller for s = .9 than 
s = 0 or 0.5, the difference 
is rather small and is not 
correlated with the linkage 

intensities. Thus, it appears that  selection intensity 
determines the relationship between the amount  of 
gene dispersion and the parameters  of inbreeding, 
linkage, or population size. 

Several other points should be noted from these 
results: the level of heterozygosity is low and in 
general the values of fixation index (F) indicate little 
or no marginal overdominance, which is in line with 
our previous findings on the opt imum models. Figs. 7 
and 8 show tha t  after an initial phase of rapid homo- 
zygosis under inbreeding, there is another period of 
rather sharp change in H around 40 th generation or so 
accompanied by  an increase in f(31, which is in turn 

Tab le  9. Model 6a (Double truncation): Values of parameters in ~oo th generation* 
(See text for explanation of symbols) 

S S 

] q =  100 

di H [(~) r i ax 

N =  t000 

di H [(~) r i ax 

0 .001 
.0t 
.I0 
.25 
.50 

.5o .OOl 
.Ol 
.1o 
.25 
.50 

.9O .001 
.ot 
.1o 
.25 
.50 

* In all cases, di 

.26t .326 .979 .648 .183 

.303 .278 .867 .588 .508 
�9 372 . t75 .686 .626 .795 
.490 .020 .951 .7t8 .265 
.487 .026 .929 .668 .329 

�9 307 .17t .994 .480 .104 
.296 . t85 .973 .736 .224 
�9 456 .052 .949 .690 .311 
�9 477 .0t9 .951 .6 t0  .149 
�9 499 .000 .999 .6O0 .02O 

.280 .O43 t .00  .64O 0 

.343 .O43 .99t .570 .124 
�9 354 .O38 .973 .664 .227 
.467 .015 .976 .588 .167 
.412 .O30 .957 .6O6 .264 

is increasingly steadily toward 

.O96 .469 .937 .6OO .349 

.129 .455 .829 .7o0 .597 

.254 .323 .636 .728 .9o4 
�9 338 .229 .624 .664 .907 
.456 .072 .823 .580 .562 

.o97 .322 .993 .62o .129 

.128 .299 .939 .650 .395 

.296 .184 .808 .788 .682 

.423 .o73 .867 .754 .5o4 
�9 477 .o28 .927 .550 .313 

. t t 9  .085 .999 .6o0 .053 

.119 .08t .987 .652 . t78 

.218 .068 .947 .622 .38o 

.182 .072 .887 .568 .554 

.16o .08o .879 .608 .583 

�9 5 (fixation at all loci along with [(a) --~ I and a slow increase in ri. 
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Fig. 6. A l le l ic  f requency (q) a t  each of  the six loci  p lo t ted  
against generat ion (n) fo r  double t runca t i on  model  (6a) and 
N = 1000, s = .9, c = .5, showing a typical run with loci 

approaching fixation symmetrically for the two alleles 

nega t ive ly  correlated wi th  the changes in the a m o u n t  
of pheno typ ic  va r i ab i l i ty  a~. FRASER, et al. (1965) 
pos tu la ted  tha t  di and  a~ might  be highly correlated;  
however,  note  t ha t  ~r~ in this case is more direct ly 
governed b y  f(3/values (e.g. highest  s~ and  lowest f(31 
for in te rmedia te  c and  s = 0 or .5). As poin ted  out  
by  LEWONTIN (t964b),  a low value of s~ results  
from the presence of re la t ional ly  ba lanced  hetero- 
zygotes with high po ten t ia l  genetic va r i ab i l i ty  in 
popula t ions .  

Models 5 b, 5 c and  6b involve  opt imiz ing selection 
with asymmetr ica l  o p t i m u m  (~ = 8) for which some 
of the popula t ion  parameters  in the t 00 th genera t ion  
are given in Table  t0.  Under  these models, wi th  
N = 100 the var ia t ion  among replicates was often 
large so t ha t  s and  c did no t  seem to yield any  con- 
s is tent  pa t t e rn  in terms of di or r i .  However ,  
a po in t  of some in te res t  is t ha t  here again the values 
of r i and  l are perhaps governed b y  complex in te r -  
act ions be tween the var ious parameters  such t h a t  
r i migh t  be highest  for var ious different combina t ions  
of s and  c depending  on the model.  W i t h  complete ly  
addi t ive  metr ic  scale, as shown b y  LEWONTIN (t964b) 

0'81 4 _ -  

o f = : : : :  . . . . . .  

F==------2Z . . . . . . .  T . . . . .  

~ - . . . . . . .  ~ ,  ~ , m , ~  = = : _ - - -  : ~ :  _~6: = : = ~ :  

0 1  , , ~ , 
20 40 60 80 100 

Gen~rofion 

1 ~ s=O, c=.001 

2 ~ s=O, c=.25 

3 . . . .  s= .5, c= .001 

4 . . . .  s= .5, c= .25 

5 - - . - -  s= .% c= .001 

6 - - . - -  s= .9, c= .25 

0.5 

0 , 4  / ~  ~ "  

o.3 / ~ / - ' ~ ' J  

/ "  
0.2 , . "  / 6 ._ 

0.1 

0 , 1 r T 
20 -- 40 60 80 100 
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Figs. 7, 8. Values of  dispersion index  (di), level of hetero 
zygos i ty  (H) and repulsion index (ri) under model  6 a, N =  1000 
and various combinations of s and c, showing the mode o f  

change over time 

and  JAIN and  ALLARD (t965), there is no stable 
non t r iv i a l  equi l ib r ium for a ny  r in its entire range. 
Par t i a l  dominance,  l inkage and  inbreeding,  on the 
other  hand,  allow a subs tan t i a l  region of s table 
equi l ibr ia  for asymmetr ica l  opt ima.  

Mixed op t imum-he te ro t i c  models are of considerable 
interes t  in view of some evidence for heterot ic  marker  
loci and  opt imizing selection for various q u a n t i t a t i v e  
t ra i ts  wi th in  the same popula t ions  of bar ley  (ALLARD 
and  JAIN, 1962; JAIN and  SuN~sox, t966) and  l ima 
bean  (W6HR~ANN and  ALLARD, in press}. Moreover, 
such models might  theore t ica l ly  involve  stable 
equi l ibr ia  unde r  a very  wide range of o p t i m u m  values 
(cf. JAII~ and  ALLARD, 1965)- Some of the popula t ion  
parameters  for models 7 a - - c  are given in Tables  1t 
and  t2. As expected, gene dispersion is increas ingly  
smaller  with the s t rong heterot ic  selection in model  

Table t 0. Opt imum models with asymmetry ( ~  = 8.0): Values of  parameters in Ioo t~ generation ( N  = Ioo) 

$ C 

Model 6b 
(double truncation at x = 7.0, 9.0) 

1 H r i  

Model 5 b 
(WRIGHT'S optimum, 2s = 8) 

H v i  

Model 5 c 
(optimum-directional) 

l H r i  

.5o 

.9o 

.001 

.0t 

.!0 

.50 

.001 

.01 

.t0 

.50 

.oot 

.01 
,t0 
.50 

�9 233 .301 .564 
�9 433 .11t .526 
.600 .t92 .540 
.800 .015 .632 

�9 467 .12t .554 
.500 .t15 .542 
.800 .04t .612 

t.00 0 .400 

�9 533 .037 .425 
�9 467 .024 .5o3 
�9 733 .024 .610 
�9 733 .o15 .496 

.167 .3t4 .456 
�9 233 .248 .450 
.267 .266 .596 
.367 .t50 .442 

.467 .t25 .626 

.167 .176 .510 
�9 567 .065 .436 
�9 500 .101 .546 

�9 533 .026 .476 
.567 .028 .522 
�9 667 .014 .64O 
�9 833 .012 .562 

,267 .247 .556 
�9 233 .239 .584 
�9 t33 .235 .514 
�9 467 .009 .414 

.267 .166 .524 

.7OO .059 .63O 

.467 . t13  .672 
�9 567 .080 . 5 2 0  

�9 733 .0t7 .568 
.667 ,0t9 .67O 
�9 767 .023 .600 
�9 433 .032 .47O 
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Table I 1 .  Models 7 a, b: Values of parameters in looth generation ( N  = loo) 

.Ol 

.Io 

.5o 

.5o .ot 
. to 
.50 

.90 .ol 
.Io 
.50 

7a 
t di H r i D(i ) D~) 

.t07 .470 .504 - . t72 -.226 

.138 .447 .599 - .1t0 -.166 
A t 7  .467 .616 -.017 -,083 

.t61 .329 .654 -.426 .145 

.202 .283 .645 -.295 -AO2 

.202 .244 .554 -.078 -.243 

.278 .076 .596 -.285 -.224 

.338 .o50 .554 -.292 -.200 

.431 .o18 .486 -A92 - A 6 4  

7 b  

i t di H r i D<t ) .D(2 ) 

�9 09t .46t .564  -A25 - . t16 
�9 093 .482 .622 -.090 -,00t 
�9 O97 .339 .6O4 -.062 -.028 

�9 129 .333 .718 -.240 -.046 
.t42 .3O4 .610 - . t t 5  -.03O 
A44 .3O4 .580 -.055 -.088 

A46 .128 .648 -.490 -.101 
.267 .067 .618 -A89 -.177 
.342 .O48 .586 -.O97 -.088 

Table 12. Optimum-heterotic models (7c):  Values of parameters in 2ooth generation (24 ~ 1oo) 

N ~ 20 N = 100 

.50 

.9O 

.001 

.01 

.t0 

.50 

.00t 

.01 

.t0 

.50 

.00l 

.01 

.t0 

.50 

di H F r i 

�9 t57 .4t2 .086 .526 
.160 .416 .073 ,498 
A8t .383 .1t8 ,528 
.185 .364 .157 .532 

A18 .377 .202 ,562 
A36 .341 .264 .568 
.t92 .306 .282 .668 
.222* .259 .355 ,602 

.124 .418 .109 ,564 

.222* .269 .330 ,550 

.325* .134 .536 ,592 

.342" .1t5 .568 ,562 

di H 17 r i 

.086 .482 .007 .586 
�9 073 .492 -.005 .614 
.066 .490 .003 .592 
.065 .482 .020 .602 

�9 059 .383 .22t .584 
�9 053 .391 .207 .656 
�9 075 .362 .260 .614 
.08t .35t .277 .6t6 

.O36 .493 .007 .618 

.042 .363 .267 .714 

.O96 .21t .560 ,63O 

.086 .178 .633 .6t4 

* Steady state was not attained by n = 1 0 0 .  

l,O 

0.8 o 

�9 . .  d e  g | t ~ 

:.-. ":: ::.': - - . : _ o .  , . . %  �9 0 0 . ,  . . .  - 

D *  �9 o � 9  �9 ~ �9 �9 

�9 �9 �9 �9 

0 . 2  **e 
O 

"' . . . . .  ' ~ ' ' r l  1 fiJ 11 
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Generation 
Fig. 9. Allelic frequency (q) at each of the six loci plotted 
against generation (n) under optimum-heterofie model (7c) 
showing a typical run with tile segregating loci at more or less 

steady state 

0.6' 

8 

0 . 4  
CO 

7c (Fig. 9) and  again,  the  va lues  of F show t h a t  even 
wi th  N = 20, t he  excess of he te rozygo tes  over  the  
expec ted  levels is p r o p o r t i o n a t e l y  g rea te r  u n d e r  
inbreeding ,  p a r t i c u l a r l y  in c o m b i n a t i o n  wi th  t igh t  
l inkages.  The  values  of f i i nd ica te  a s igni f icant  
bu i ld -up  of repuls ion  l inkages  and  D~II, D~21 seem to 
follow more  or  less the  same p a t t e r n  as n o t e d  for 
mode l  5 a. In  general ,  these  m i x e d  models  seem to 

be qu i te  f avorab le  for l inkage  and  gene i n t e r ac t i on  
to  help  m a i n t a i n  v a r i a b i l i t y  in inbreed ing  popu la t ions .  

G e n e r a l  I m p l i c a t i o n s  o f  t h e  R e s u l t s  

In  this  p r e l i m i n a r y  inves t iga t ion  of the  dynamics  
of mul t igen ic  sys tems,  all  our  models  i nvo lved  r a t h e r  
in tense  select ion and  on ly  a few se lec ted  fea tures  of 
the  t o t a l  genet ic  sy s t em were considered.  Howeve r ,  
t i le  ma in  ou tcome of th is  s t u d y  was to  p rov ide  an 
overa l l  p ic ture  of the  r e l a t ive  m a g n i t u d e  of d r i f t  
effects w i th  popu la t i on  size in the  range  of 20 (small) 
to 1000 (large). W i t h  N = t000 the  resul ts  were 
in genera l  ag reemen t  wi th  those  expec ted  on the  
bas is  of equ iva len t  de te rmin i s t i c  runs.  The  p a t t e r n  
of gene dispersion,  and  the  role of l inkage  and  in te r -  
ac t ion  in p roduc ing  gamet ic  unba lance  va r i ed  on ly  
in some q u a n t i t a t i v e  de ta i l s  r a the r  t han  q u a l i t a t i v e l y .  
I t  a p p e a r e d  in genera l  t h a t  while inbreed ing  and  
popu l a t i on  size affect  gene d ispers ion  in l inear  re la-  
t ion  wi th  the  coefficient  of inb reed ing  (or f ixa t ion  
index  F) ,  l inkage  and  select ion could  y ie ld  m a n y  
in t e r ac t ive  pa t t e rns .  L inkage  r educed  the  d ispers ive  
effects of r a n d o m  dr i f t  where  select ion models  favor  
the  evo lu t ion  of gamet ic  unba lance  s i tua t ions .  F u r -  
the r  work  along the  lines discussed,  for ins tance ,  b y  
GILL (t965), GILL and  CLeS,IMER (t966) and  I{ARLIN, 
et al. (1967) would  seem ve ry  wor thwhi le .  To e x t e n d  
this  t h e o r y  fu r the r  to dea l  wi th  t he  mul t in i che  models ,  
such as to examine  the  role of subdiv i s ion  and  in te r -  
deme selection,  the  measures  of coances t ry  and  group  
inbreed ing  are  l ike ly  to  be useful  (CocKERIIA3~, 1967). 
Moreover,  the re  are  severa l  in t e res t ing  p roper t i e s  of 
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the linked gene systems discovered recently for the 
case of random mating populations. For instance, 
LEWONTI~ (1964b) showed tha t  besides heterosis 
per se, homeostasis in terms of bet ter  buffering of 
heterozygotes against environment can lead to stable 
equilibria under opt imum models. LEWONTIN and 
HULL (t967) found tha t  a mixture  of loosely linked 
and t ightly linked blocks may  result in synergistic 
effect on the evolution of higher population fitness 
plateaus. FRASER and ALLAN have shown in a paper  
in this volume that  increasing the number  of loci 
results in a significant decrease in the rate of loss 
of heterozygosity and the linkage effects on hetero- 
z~fgosis (see also FRASER and BURNELL, t968). 

Both theoretical and experimental  work so far 
provide evidence tha t  linkage and gene interaction 
might be part icularly impor tant  in the population 
dynamics and genetic s tructure of inbreeding popu- 
lations. Da ta  on the changes in the relative frequency 
of marked chromnosome segments indicate an increas- 
ing amount  of character associations in populations 
of lupins, oats, barley, l ima bean and other species. 
The maintenance oi genetic variabil i ty due to hetero- 
zygote advantage as observed at individual loci need 
to be re-examined in terms of multigenic systems 
where the rates of release of variation, pseudo- 
overdominance and mixed models of selection should 
be considered in the estimation of variabi l i ty and 
selection parameters.  WRIGHT (1967) has recently 
shown tha t  the adapt ive surfaces and therefore, 
dynamics of gene or genotypic frequency changes 
differ little due to linkage and epistasis causing 
gametic unbalance "i f  selective differences, including 
the interactive coefficients, are as small as is probably  
usually the case in nature, and the loci are in dif- 
ferent chromosomes, as is usual in organisms with 
typical numbers, or if in the same chromosomes, 
are only loosely linked." Thus, more intensive experi- 
mental  studies on these aspects of complex poly- 
morphisms and selective forces alone can verify 
whether the plausible situations as shown by  theory 
do exist in nature which are significantly governed 
by  linkage, epistasis and drift. 

Zusammenfassung 

Die gemeinsamen Effekte der Koppelung, Inzucht  
und zufiilligen genetischen Drift  werden hinsichtlich 
der Populationsver~inderung unter  Selektion unter  
EinschluB von Geninteraktionen untersucht.  Ftir 
die Monte-Carlo-Simulationen wurde ein 6-Locus- 
Modell mit  einem einheitlichen AusmaB der Rekombi-  
nation zwischen benachbar ten  Paaren yon Loci, ge- 
mischter Selbstung und Panmixie und dreier Grund- 
typen der Selektion (heterotisch, optimalisierend und 
gemischt optimalisiereiid-heterotisch) benutzt .  Die 
Ergebnisse werden in erster Linie in Termini der 
Gendispersion, der genetischen Variabilit~it, der 
Gameten-Unbalance (Koppelungs-Ungleichgewicht) 
und der N~iherung an stabile Genfrequenz-Gleich- 
gewichte beschrieben. Sowohl unter  kumulat iven 
wie auch unter  diminutiven Heterosis-Modellen kann 
ein stabiler Zustand des Polymorphismus erreicht 
werden, wobei die zufiillige Gendispersion klein ist 
und verschiedene wiederholte Populat ionen einen 
hohen Grad gametischer Unbalance entwickeln, die 

sich in einem {3berschu3 entweder der Attrakt ions-  
oder der Repulsionsphase in Abh~ingigkeit yon der 
zufiilligeii Drift  in der Genfrequenz ~iul3ert. Auf der 
anderen Seite erleiden alle Populationen unter  dem 
Optimum-Modell  einen stetigen Verfall in Richtung 
auf Fixierung aller Loci, obwohl die Gendispersion 
durch ziemlich komplexe Interakt ionen zwischen 
Parametern  fiir Selbstung, Koppelung und Selek- 
tioiisintensit/iten beeinfluBt wird. Die Gendispersion 
war bet hSherem Inzuchtgrad nicht IIotwendiger- 
weise h6her. In allen L~iufen mit  Optimum-Modellen, 
in denen sich die mit t lere Populations-Fitness dem 
Wert  I n/theft, wurde ein LlberschuB von Typen mit  
Repulsionskoppelung beobachtet ,  vor allem bet enger 
Koppelung und s tarker  Inzucht.  Jede Asymmetr ic  
in dem Sinne, dab Selektion das eine oder das andere 
Allel begtinstigt, begtiiistigt zugleich die Genfixie- 
rung besonders bet Vorliegen von Inzucht.  Auf der 
anderen SeRe scheint ein Heterozygotenvortei l  hin- 
sichtlich der Erhal tung der Heterozygotie eine reIa- 
t iv grSl3ere Rolle bet Vorliegen von Inzucht  zu spie- 
len. Gemischte Optimum-heterotische-Modelle lie- 
fern einen KompromiB zwischen den divergierendeii 
At t r ibuten multilokaler Systeme hinsichtlich der 
Erhal tung der Polymorphismen und der Maximalisie- 
rung der Fitness im Vergleich zu bes t immten optimal 
gekoppelten Genkomplexen. Im allgemeineii stim- 
men diese Ergebnisse, wie erwartet,  bet mit t lerem 
bis grol?em Populat ionsumfang mit  denen friiher fiir 
deterministische 2-Locus-Modelle berichteten fiber- 
ein. 
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